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—— Abstract

In this paper we are concerned with understanding the nature of program metrics for calculi with

higher-order types, seen as natural generalizations of program equivalences. Some of the metrics we
are interested in are well-known, such as those based on the interpretation of terms in metric spaces
and those obtained by generalizing observational equivalence. We also introduce a new one, called
the interactive metric, built by applying the well-known Int-Construction to the category of metric
complete partial orders. Our aim is then to understand how these metrics relate to each other,
i.e., whether and in which cases one such metric refines another, in analogy with corresponding
well-studied problems about program equivalences. The results we obtain are twofold. We first show
that the metrics of semantic origin, i.e., the denotational and interactive ones, lie in between the
observational and equational metrics and that in some cases, these inclusions are strict. Then, we
give a result about the relationship between the denotational and interactive metrics, revealing that
the former is less discriminating than the latter. All our results are given for a linear lambda-calculus,
and some of them can be generalized to calculi with graded comonads, in the style of Fuzz.
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1 Introduction

Program equivalence is one of the most important concepts in the semantics of programming
languages: every way of giving semantics to programs induces a notion of equivalence, and
the various notions of equivalence available for the same language, even when very different
from each other, help us understanding the deep nature of the language itself. Indeed, there
is not one single, preferred way to construct a notion of equivalence for programs. The latter
is especially true in presence of higher-order types or in scenarios in which programs have a
fundamentally interactive behavior, e.g. in process algebras. For example, the relationship
between observational equivalence, the most coarse-grained congruence relation among those
which are coherent with the underlying notion of observation, and denotational semantics
has led in some cases to so-called full-abstraction results (e.g. [17, 12]), which are known
to hold only for some denotational models and in some programming languages. A similar
argument applies to applicative bisimularity, which, e.g., is indeed fully abstract in presence
of probabilistic effects [8, 9] but not so in presence of nondeterministic effects [19].

Equivalences, although central to the theory of programming languages, do not allow
us to say anything about all those pairs of programs which, while qualitatively exhibiting
different behaviors, behave similarly in a quantitative sense. This has led to the study of
notions of distance between programs, which often take the form of (pseudo-)metrics on
the space of programs or their denotations. In this sense we can distinguish at least three
defining styles:
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Figure 1 Tllustration of our comparison results for program metrics: an arrow d® — d® indicates
that d® is coarser (i.e. less discriminating) than d®. Thick arrows indicate strict domination.

First, observational equivalence can be generalized to a metric, maintaining the intrinsic
quantification across all contexts, but observing a difference rather than an equality [6, 7].

There is also an approach obtained by generalizing equational logic, recently introduced
by Mardare et al. [21], which has been adapted to higher-order computations with both
linear [10] and non-linear [11] types.

Finally, linear calculi admit a denotational interpretation in the category of metric

complete partial orders [3], and this is well-known to work well in presence of graded

comonads.
In other words, various definitional styles for program equivalences for higher-order calculi
have been proved to have a meaningful metric counterpart, at least when the underlying
type system is based on linear or graded types. There is a missing tale in this picture,
however, namely the one provided by interactive semantic models akin to game semantics
and the geometry of interaction [14], which were key ingredients towards the aforementioned
full-abstraction results. Moreover, the relationship between the various notions of distance
in the literature has been studied only superficially, and the overall situation is currently less
clear than for program equivalences.

The aim of this work is to shed light on the landscape about metrics in higher-programs.
Notably, a new metric between programs inspired by Girard’s geometry of interaction [14] is
defined, being obtained by applying the so-called Int-construction [18, 2] to the category of
metric complete partial orders. The result is a denotational model, which, while fundamentally
different from existing metric models, provides a natural way to measure the distance between
programs, which we will call the interactive metric. In the interactive metric, differences
between two programs can be observed incrementally, by interacting with the underlying
denotational interpretation in the question-answer protocol typical of game semantics and
the geometry of interaction.

Technically, the main part of the work is an in-depth study of the relationships between
the various metrics existing in the literature, including the interactive metric. Overall,
the result of this analysis is the one in Figure 1. The observational metric remains the
least discriminating, while the equational metric is proved to be the one assigning the
greatest distances to (pairs of) programs. The two metrics of a semantic nature, namely the
denotational one and the interactive one, stand in between the two metrics mentioned above,
with the interactive metric being more discriminating than the denotational one.

The remainder of this manuscript is structured as follows. After recalling some basic
facts about metric spaces in Section 2, in Section 3 we introduce a basic linear programming
language over the reals and its associated notion of program metrics; in Section 4 we discuss
the logical relation metric and the observational metric; in Section 5 we discuss the equational
metric; in Section 6 we introduce the two denotational metrics; Sections 7 and 8 contain our
main comparison results, and in Section 9 we discuss the case of graded exponentials.
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2 Preliminaries

In this section, we recall the notions of extended pseudo-metric spaces and non-expansive
functions. Let R, be the set {a € R | a > 0}U{oco} of non-negative real numbers and infinity.
An extended pseudo-metric space X consists of a set | X| and a function dx : | X| x| X| = RZ,
satisfying the following conditions:

For all z € | X|, we have dx(z,z) = 0;

For all z,y € | X|, we have dx(x,y) = dx (y,x);

For all z,y, z € | X|, we have dx(z,2) < dx(z,y) + dx(y, 2).

In the sequel, we simply refer to extended pseudo-metric spaces as metric spaces, and we
denote the underlying set | X| by X.

For metric spaces X and Y, a function f: X — Y is said to be non-expansive when for
all x,2' € X, we have dy (fz, fa') < dx(x,2’). We write Met for the category of metric
spaces and non-expansive functions. The category Met has a symmetric monoidal closed
structure (1, ®, —) where the metric of the tensor product X ® Y is given by

dx®y((l', y)v (xlvyl)) = dx(l‘, JJ/) + dY(y7 y/)'

We suppose that the monoidal product is left associative, and we denote the n-fold monoidal
product of X by X®". In the sequel, R denotes the metric space of real numbers equipped
with the absolute distance dg(a,b) = |a — b|.

3 A Linear Programming Language

3.1 Syntax and Operational Semantics

We introduce our target language that is a linear lambda calculus equipped with constant
symbols for real numbers and non-expansive functions. We fix a set S of non-expansive
functions f: R®" — R with n > 1. We call n the arity of f. For example, S may include
addition +: R ® R — R and trigonometric functions such as sin,cos: R — R. We assume
function symbols f for f € S and constant symbols @ for real numbers a € R.

Our language, denoted by Ag, is given as follows. Types and environments are given by
Types 7,0 :=R|I|7—o0|T®o0, Environments T, A:=g |T,z: 7.

We denote the set of types by Ty and denote the set of environments by Env. We always
suppose that every variable appears at most once in any environment. For environments I'
and A that do not share any variable, we write T#A for a merge [4, 15] of I and A, that is
an environment obtained by shuffling variables in I' and A preserving the order of variables
in T and the order of variables in A. For example, (x: 7,y : 0,y : o/, 2’ : ') is a merge of
(x:7,2 :7")and (y: 0,y : 0’). Formally, an environment Z is said to be a merge of I and
A when

=, I’ and A are equal to the empty environment; or
I' =T,z : 7 and there is a merge Z/ of I' and A such that Z=Z',z : 7; or
A = A’ x:7 and there is a merge Z’ of I' and A’ such that and 2 =Z',z : 7.

When we write T'#A, we implicitly suppose that no variable is shared by I' and A. Terms,
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a€eR fesS InEM R ... Tyt Maug) R
r:Thx:T Fa:R Fx:I F1#~~#Far(f)l—f(Ml,...,Mar(f)):R
Nx:ob-M:7 I'FM:0—o7 AFN:o 'EM:7 AFN:o
'bXx:00M:0—oT IF'#AFMN : 71 T#AFMQN :7®0
'-mM:1 AFN:T 'bEM:01®09 Ajx:oy,y:00FN:T
I'#AtFlet x be Min N : 71 T#AkFlet r@ybe M in N : 7

Figure 2 Typing Rules

My —ar ... My —a, M—Xie:7.L N<=V L[V/z|—=U
VeV f(My,...,M,) = flai,...,an) MN —=U
M<V N<U M<—sx NV M—<V®U N[V/z,Uly] =W
MN—=VU let x be M in N —V let r@ybe Min N—W

Figure 3 Evaluation Rules

values and contexts are given by the following BNF.

Terms M,N::mEVar|6|*|?(M1,...,Mar(f))|MN\)\30:T.M|
M®N |let x be M in N |let x ® y be M in N

Values VU:=a|*|Xx: 7. M|V®U

Contexts C[-]:=[-]|f(M,...,M",C[-],N',...,N) | C[-]M | M C[-] | Az : 7.C[-] |
Cl-]oM|M®C[-]|let * be C|—]in M |let * be M in C[—] |
let z@y be C[—]in M |let z®@y be M in C[—]

Here, a ranges over R, f ranges over S, and x ranges over a countably infinite set Var of
variables. We write I' = M : 7 when the typing judgement is derived from the rules given in
Figure 2. Evaluation rules are given in Figure 3. Since Ag is a purely linear programming
language, for any closed term F+ M : 7, there is a value - V' : 7 such that M — V. For an
environment I' and a type 7, we define Term(T", 7) to be the set of all terms M such that
I'F M : 7, and we define Value(7) to be the set of closed values of type 7. We simply write
Term(7) for Term (&, 7), that is the set of closed terms of type 7. For a context C[—], we
write C[—]: (I, 7) — (A, o) when for all terms I' - M : 7, we have A+ C[M] : 0.

We adopt Church-style lambda abstraction so that every type judgement I' - M : 7 has a
unique derivation, which makes it easier to define denotational semantics for Ag. Except for
this point, our language can be understood as a fragment of Fuzz [25]— the typing judgment
x:0,...,y:pF M: 7T corresponds to x :1 0,...,y:1 pbF M : 7 in Fuzz. In Section 9, we
discuss extending our results in this paper to a richer language, closer to the one from [25].

3.2 Equational Theory

In this paper we consider an equational theory for Ag, which will turn out to be instrumental
to define a notion of well-behaving family of metrics for Ag called admissibility (Section 3.3)
and to give a quantitative equational theory for Ag (Section 5). In both cases, if two terms
are to be considered equal, then the distance between them is required to be 0. Here, we
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'-M:r I'FM=N:71 'rM=N:7 TFN=L:71
'-M=M:71 '-EN=M:1 I'FM=L:71
flai, ... an) =0 I'FM=N:7 AFC[M]:0 AFC[N]:0o
Ff@r,. . Ga(py) =0T AFCM]=C|N]:o
Te:7-FM:0 AEN:7T 'FM:7—o0
T#AF (Ax: 7. M)N = M[N/x]: 0 FFXx:m.Maz=M:7—0
'EM:7 F'Fletz@ybe M@NinL:T1
'Flet * be *x in M =M:r F'tletz@ybe M®@N in L =L[M/xz,N/y] : 7
'EM:1I 'rFM:tT®0c

I'Hlet x be Minx=M:1 I'FletzQybeMinzy=M:7TQ0c
I'klet *+ be M in C[N]: 7

I'Flet * be M in C[N]=C[let * be M in N]: 7
'Hletz®ybe M in C[N]: 7

'Flet z®ybe M in C[N]=Cllet t®@y be M in N|: 1

Figure 4 Derivation Rules of Equational Theory for Ag

adopt the standard equational theory for the linear lambda calculus [20] extended with the
following axiom

fes f(al,...,aar(f)) =b
F?((Tl,...,aar(f)) =b:7

For terms ' M :7and ' N : 7, we write ' F M = N : 7 when the equality is derivable.

We may add some other axioms to the equational theory as long as the axioms are valid
when we interpret function symbols f as f and constant symbols @ as a. For example, when
add: R®R — R is in S, we may add the commutativity law z : R,y : R F add(x,y) =
add(y,z) : R to the equational theory. The rest of this paper is not affected by such
extensions to the equational theory.

3.3 Admissibility

Let us call a family {dr ; }regnv,-eTy in which dr , is a metric on Term(T', 7) a metric on
Ag. We introduce a class of metrics on Ag, which is the object of study of this paper.

» Definition 1 (Admissible Metric). Let {dr :}regnv,reTy be a metric on Ag. We say that

{dr,+ }reEnv,rTy s admissible when the following conditions hold:

(A1) For any environment I, any type 7, any pair of terms T M : 7, T+ N : 7 and any
context C|—]: (I',7) = (A, 0), we have da »(C[M],C[N]) < dp (M, N).

(A2) For all a,b € R, we have dg r(a,b) = |a — b|.

(A3) For all ay,...,an,b1,...,b, € R and all closed values =V : 7 and b U : 7, we have

dp Rongr (@ QU OV, b1 @+ @b, ®U) > |ag — by| + -+ + |an — byl

(A4) IfT'+ M = N : 7, then dp -(M,N) = 0.
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The first condition (Al) states that all contexts are non-expansive, and the second
condition (A2) states that the metric on R coincides with the absolute metric on R. (A3) states
that the distance between two terms a1 ® - @, @V and b; @ - - - @b, @ U is bounded (from
below) by the distance between their “observable fragments” dgen ((a1, ..., an), (b1,...,bn)).
The last condition (A4) states that dr , subsumes the equational theory for Ag.

The definition of admissibility is motivated by the study of Fuzz [25], which is a linear type
system for verifying differential privacy [5]. There, Reed and Pierce introduce a syntactically
defined metrics on Fuzz using a family of relations called metric relations, and they prove
that all programs are non-expansive with respect to the syntactic metric (Theorem 6.4 in
[25]). (A1) is motivated by this result. Furthermore, in the definition of the metric relation,
the tensor product of types is interpreted as the monoidal product of metric spaces, and
the type of real numbers is interpreted as R with the absolute distance. (A2) and (A3) are
motivated by these definitions. In fact, given an admissible metric {dr r }regnv,reTy On Ag,
we can show that dgy gen coincides with the metric of R®".

» Lemma 2. If a metric {dr ; }regnv, reTy s admissible, then for all a1,b1,...,an, b, € R,
dg ren (@ @ @y, b1 ® - ®@by) = a1 — b1 + -+ + |an — byl. (1)
Proof. By (Al) and (A3),

D lai—bil < dgpengr (M@ QT @ 4,01 @+ @b, @ x)
1<i<n
<dggren (TR @, b1 @--- D by) .
The other inequality follows from (A1), (A2) and triangle inequalities:
Y @bz doren (MOBE - Q@b OwBE - Oan) + Y [a; b
1<i<n 2<i<n
>dopen (MIR@E @, @b O, + Y [@G — bl
3<i<n
> ...
>dyron (TR @b, b1 @by ® - D by) .
D |
The reason that we do not take (1) as the third condition of admissibility and instead rely

on the stronger condition (A3) above is that requiring (1) would not allow us to characterize
the observational metric (Section 4.2) as the least admissible metric on Ag.

4 Logical Metric and Observational Metric

We give two syntactically defined metrics on Ag: one is based on logical relations, and the
other is given in the style of Morris observational equivalence [24]. We then show that the
two metrics coincide. This can be seen as a metric variant of Milner’s context lemma [22].

4.1 Logical Metric

The first metric on Ag is given by means of a quantitative form of logical relations [25] called
metric logical relations. Here, we directly define metric logical relations, and then, we define
the induced metric on Ag. The metric logical relations

{(-) =7 (=) € Term(r) x Torm(r)}, cxy, rens,
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are given by induction on 7 as follows.

M~RBN «— M<—@and N band |a—b| <r
M~IN <= M« xand N < %
M~ N <= M<V®V and N — U®U’ and
Js,s’ €Ry, Vol Uand V!~ U'and s+ 5" <r
M~T""N < M<Xx:7.M and N < Az : 7. N’ and
VV,U € Value(r), if V ~] U, then M'[V/z| ~7, N'[U/x]

Then for an environment I' = (2 : 0,...,y : p) and a pair of terms ' M : 7and T'F N : 7,
we define di?}g; (M, N) € R, by

di?,gT(M7 N)=inf{r e RS, [ Az :0. - Ay:p. M =77 " Az 10 --- Ay p. N}

» Proposition 3. For any environment I' and any type T, the function dii)’g; 18 a metric on

Term(T, 7). Furthermore, {di?gT}peEnv,TeTy is admissible.

Proof. Tt is straightforward to show that d°®® given in the next section is a metric on Ag
and satisfies (Al). Hence, it follows from Theorem 9 that d}o’gT is a metric on Term(T", 7)
and satisfies (A1). (A2) and (A3) follow from the definition of d'°8. The proof of (A4) is
given in Corollary 19. <

We call d'°8 logical metric.

» Example 1. For a € R, we define a term M, to be
FaeaV : ROIR®(R®R —-R)—-R) where V=X : R®R — R.Lk00.

Since dig (0,1) = 1, we obtain dig% o p o (ror—R)—r) (Mo, Mi) = 1+1+0=2. O

4.2 Observational Metric

We next give a metric, which we call the observational metric, that measures distances
between terms by observing concrete values produced by any possible context. For terms
I'M:7and '+ N : 7, we define d%?f_(M,N) € R, by

dP2 (M, N) = sup {|a1 — by 4+ |an — byl

CM—@m® - ®a,eV }
(n,o,C[-])eK(T,T)

and C[N] = b1 ® - ®b, @ U
where (n,o,C[—]) € K(T', 7) if and only if C[—] is a context from (T, 7) to (&, R®" @ o).

» Example 2. We consider the term - M, : 7 given in Example 1 again. By observing M, and
M by the trivial context [—], we can directly check that d%k)’%@R@((R‘@RwR)wR) (Mo, M;) >
2. (In fact, it follows from Theorem 9 that the distance is equal to 2.) The purpose of the
auxiliary type o in the definition of K(T', 7) is to enable observations of this type. In this case,
while the logical metric distinguishes My from M;j, we can not observationally distinguish
My from M; by means of observations at types R®" when S = (). See Proposition 4 for

impossibility of observational distinction of these terms at R®". O

» Proposition 4. If S =0, then for any n € N, there is no context

C[-]: (2,R® ((R®? - R) - R)) — (7,R®").
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Proof. We first show that there is no closed term of type R®? — R. To see this, for each
type 7, we inductively define |7| € Z by

R| =1, 1] =0, [T @ol =7 +]ol, 7 —e o] = ~|r| +|o].

We extend the definition of | — | to environments I' = (z : 7,...,y : o) by letting |T'| to
be |7| 4+ -+ + |o|. Then by induction on the derivation of ' - M : 7, we can show that
if S =0, then |T'| < |7]. Since |R®? — R| = —1, we see that there is no closed term
of type R®? — R. We next show the statement. Let us suppose that there is a context
Cl-]: (9,R®((R®? - R) — R)) — (9, R®") for some n € N, and we derive contradiction.
Because Ag is normalizing, there is a value V such that C[0 ® (Af : R®? — R. f00)] — V.
As we have observed, there is no closed value U € Value(R®? — R). Therefor, there
is no B-reduction of the form (A\f : (R®? — R). f00)U < U00 during the reduction
Clo® (Af: (R®2 —R).f00)] — V. Hence, A\f : (R®? —o R). f00 must be a subterm of
V, contradicting V' € Value(R®™). <

4.3 Coincidence of the Logical Metric and the Observational Metric

This section is devoted to prove that the logical metric coincides with the observational
metric. For the proof, we introduce another family of quantitative relations, called metric
relations [25]. We define the metric relations

{(=) =/ (=) € Term(r) x Term(7)}rcry reks,
by induction on 7 as follows.

M=RN < M<—gand N—band |a—b <r
M= N < M< xand N < *
M2® N & M<V®V and N— U®U’ and
35,8 € RS, V=L Uand V! =, Ul and s+ 5" <r
MY~ N < M<Mz:7.M and N < Az : 7. N’ and
VV € Value(r), M'[V/z] =% N'[V/zx]

The only difference between the definition of ~ and = is in the case of the linear function
type.

Let us introduce some notations. For an environment I' = (z1 : 74,...,2, @ 7p), We
define Value(T') to be Value(m) X --- x Value(r,). Given v € Value(I') and I' - M : 7,
we define - M~ : 7 in the obvious way. For v = (V4,...,V,),d = (Uy,...,U,) € Value(T'),
we write v zf 0 when there are si,...,s, € R, such that 7 > s; +--- 4+ s, and Vj ~
Ui, ..., Vo =i U, hold.

» Lemma 5. For any environment ' = (z1 : 71,..., 2, : T,) and any pair of terms T+ M : 7
and ' N : 7, if v € Value(T'), then M~y %Zobs(M N N~.
2os (M,

Proof. We prove the statement by induction on 7. (When 7 = R) Let v = (V4,...,V,)
be an element of Value(I'). For a,b € R such that My < @ and Ny < b, we show that
la — b| < dP; (M, N). Let a context C[—] be

ATy i1 ATy T[] @ %) VR - V.

Then, since we have C[M] < @ ® x and C[N] < b ® %, we obtain |a — b < dp"k (M, N).
(When 7 = 01 ®039) Let v = (V4,...,V,) be an element of Value(T"). For Uy, V; € Value(oq)



U. Dal Lago et al.

and Us, V5 € Value(oq) such that M~y — U; ® Us and Ny — Vi ® Va, we show that there

are s,s' € R, such that Uy =J* Wi and Uy =72 Ws and s+ s < d‘ll'?(il@gz(M, N). By the
induction hypothesis on o1 and o3, we obtain U; %gibs (L) Wi and U, ggfbs (Us.Wa) Wo.
~0o1&Q02

Hence, by the definition of =, we have M~ Sdeb (U W)+, (Us, Wa) N~. It remains to

check that d%b,‘f,l (Uy, W1) + doPs_(Uy, Wy) < dbs (M, N). To see this, we show that for

9,02 To01®02

any t1 < d%kfn (Ul,Wl) and t9 < d%b;z(Ug, Wg), we have t; + t9 < d(f{);1®02 (M, N) Given
such t; and t9, we can find contexts Cy[—]: (&,01) = (F,R®" ® p1) and Co[—]: (&, 09) —

(7, R®™ @ py) such that

2,01 2,02

il o ®- - Qa, @ Wi,
CiVil = b1 ® - @b, @ WY,
ColUs] =L@ -+ @Gy @ Wy,
ColVo] = d1 @+~ ®@d,y, @ Wy,

tlglal_b1|+"'+‘an_bn|7 t2§|01—d1|++|0m—dm|

We define a context D[—] by

Di-]=lety®zbe (\xy :7. - Axp i Tp. [-]) V1 -+ V, in
let v ® v’ be C1[y] in let u® v’ be Cslz] in (H (v®@u))® (v ®u')

where y and z are fresh variables that do not appear in C[—] nor D[—], and - H: R®" @
R®" — R®(+™M) ig a value that changes bracketing by using let-bindings. Then, we obtain

BM] 501 ® Q0 Q€I Q-+ QT @ (W1 @ Wa),

BIN] b @ @b, @d1 ® Q@ dm @ (W] @ W)).
Hence, t1 + ty < dl‘lE’j@Q(M,N). (When 7 = 07 — 03) Let v = (V4,...,V;,) be an
element of Value(T'). Given Az : 01. M’ and Az : 01. N’ in Value(o; — 03) such that
M~y < Ax:01. M’ and Ny < Az : 01. N', we show that for any U € Value(oy), we have

M'[U/z] gg‘gb:;lmz(M’N) N'[U/x]. By the induction hypothesis on o5 and the definition of

= we have

M/[U/J)] gZ‘?ij‘m(()\x:(rl.M’)U,()\z:al.N’) U) N/[U/$]

Hence, it remains to check that dgPs, ((Az : o1. M')U, (A\z : 01. N')U) < dgbs (M, N).

T',o1—002

To see this, we show that for any r < d%S ((Az : 01. M')U,(A\z : 01. N')U), we have

I,02

r<dphs .. (M,N). Since r < dy, ((Azx: 01. M")U,(A\x : 01. N') U), there is a context
C[f} : (@, 0—2) - (@7 RE™ ® U)
such that

Clrz:or. MUl @1 ® - @a, @V
ClAz:0,. NYU] =01 ® - @by @W

and r < la; —b1| + -+ |am — bm|. We define D[] by

Di-]=Ay:01 = 02.ClyU]) (Axy : 11 - Ay s T []) VI -+ Vi)
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Since

DM @1 ® -+ @@ ®V, D[Nl =b & QbynoW,

we see that r < dl(l'f’;l_o@ (M,N). <
> Lemma 6. Let T' = (z1 : 7q,...,2p : T) be an environment, and let y,~" € Value(T') be

substitutions. If v ~L ~', then for any term T'F M : 7, we have M~y ~T M~'.
Proof. By induction on the derivation of I' = M : 7. <

» Lemma 7. Let 7 be a type.

1. For any - M : 7, we have M ~} M.

2. Forany = M,N,L:7,if M ~] N and N ~] L, then M ~]___ L.
3. For any = M : 1, we have M = M.

4. For anyt M,N,L: 7, if M =] N and N =] L, then M =] L.

Proof. (1) follows from Lemma 6. (2) By induction on 7. For the case of 7 = 71 —o 79, we
use (1). (3 and 4) By induction on 7. <

> Lemma 8. For any type 7 and any r € RSy, M ~7 N if and only if M =] N.

Proof. By induction on 7. The only non-trivial case is 7 = 71 —o 75. We first show that M ~]
N implies M =7 N. Let Az : 7y. M’ and Az : 71. N’ be values such that M < Az : 7. M’
and N < Az : 71. N'. We show that for any V' € Value(r), we have M'[V/x] =72 N'[V/z].
Given V € Value(r1), by Lemma 7, we have M’'[V/x] ~7> N'[V/z]. By the induction
hypothesis on 72, we obtain the conclusion M'[V/z] =72 N'[V/z]. We next suppose that
M =T Nand M — Az : 7. M and N < Az : 71. N'. For all V,U € Value(r;), we show
that if V ~7* U, then M'[V/x] ~2 , N'[U/z]. By Lemma 6, we have M'[V/z] ~> M'[U/z].
From the assumption M =] N, we obtain M'[U/z] 27> N'[U/x]. Then it follows from the
induction hypothesis on 75 that M'[U/z] ~™ N’[U/z]. Finally, it follows from by Lemma 7
that M'[V/x] ~72 N'[U/x]. <

» Theorem 9. For any environment I' and any type T, we have dl‘llfﬁ = di?gT.

Proof. It follows from Lemma 5 and Lemma 8 that dl‘l]f’i > d}f)’gT. For the other inequality,
we show that if d}f),gT(M, N) < r, then dlcl]f’i(M, N) < r. For simplicity, we suppose that
I'=(x:0), and we define V for Az : 0. M and write U for Az : 0. N. When dllf’,gT(M7 N) <r,
we have V ~77°7 UU. Then, by Lemma 6, for any context C[—]: (I',7) — (&, R®™ @ v), we
have C[V 2] ~B*"®v C[U z]. From this, it is not difficult to derive C[M] ~R“"&v O[N],
By the definition of ~, we obtain dlcll?ﬁ(M, N)<r. <

5 Equational Metric

We give another syntactic metric on Ag, which we call the equational metric. This is
essentially the quantitative equational theory from [10] without the rules called weak, join
and Arch. We exclude these rules since they do not affect the equational metric d*" given
below. See Remark 11 for a proof.

For terms I' = M : 7 and I' = N : 7, and for r € RY,), we write

M=, N:T
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I'FM=N:71 I'M=~,N:1 I'tM~. N:7T TEFN=~;L:1
'FM=~yN:7 I'FN~.M:1 M=~ s L:T
la—bl <r M=, N:7 C[-]: (T,7) = (A,0)

Fa~b:R AFC[M] =, CI|N]:0o

Figure 5 Derivation Rules for ' - M ~, N : 7

when we can derive the judgement from the rules in Figure 5. Then, for terms I' - M : 7
and I' = N : 7 we define d} (M, N) € R, by

dlcffr(M,N) =inf{r e RS, | '+ M ~, N:7}.

» Proposition 10. For any environment I' and any type 7, the function dy. is a metric on
Term(I', 7). Furthermore, {d}" }rcgnv,reTy is admissible.

Proof. Tt is straightforward to check that dp" is a metric on Term(T', 7). It is also straight-
forward to check (Al) and (A4). (A2) and (A3) follow from semantic observation (Corol-
lary 19). <

» Example 3. The equational metric measures differences between terms by comparing their
subterms. For example, we have -2 =; 3 : R, and therefore, k : R - R Fk2=1 k3: R
holds. From this, we see that d((eljzuRwR),R(k 2,k3) < 1. In fact, this is an equality. This
follows from d(()lz’:sR%R%R(k 0,k1) > 1, which is easy to check, and Theorem 18 below. (I

In general, we have d%k”ﬁ (M,N) < d}(M, N), i.e., the equational metric is strictly more
discriminating than the observational metric (Theorem 18), which is proved by semantically
inspired metrics in the next section.

» Remark 11. The following rules

r>s I'EM=~gN:7T '"'M~.N:7m TFM=~yN:17
(weak) (join)
I'-M=~,N:T1 I'EM =pingrs N:T

Vr>s, 'F-M=~,.N:T
'FM=~;N:T1

(Arch)

considered in [10] is absent in Figure 5 since they do not affect the equational metric. To
see this, let us define I' = M ~F N : 7 to be the family of binary relations generated by the
rules in Figure 5 with the rules weak, join and Arch. Then we have

dlcffr(M,N) =inf{r e RS, |- M ~T N:T1}.

In fact, since 'F M =, N : 7 implies ' M ~f N:7forallTFM:7and T'F N : 7, we
have dp'(M, N) > inf{r € RS, [T = M = N : 7}. On the other hand, since the following
family of binary relations

FEM#&, N:7 <= di}(M,N) <r

satisfies the rules in Figure 5 and the above three rules, if I' = M ~f N : 7, then dp} (M, N) <
r. Hence, dp!(M, N) < inf{r e RS, [T F M ~} N : 7}

11
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6 Models of As and Associated Metrics

Now, we move our attention to semantically derived metrics on Ag. We first give a notion of
models of Ag based on Met-enriched symmetric monoidal closed categories. Met-enriched
symmetric monoidal closed categories are studied in [10] as models of quantitative equational
theories for the linear lambda calculus. Then, we give two examples of semantic metrics on
Ag: one is based on domain theory, and the other is based on Geometry of Interaction.

6.1 Met-enriched Symmetric Monoidal Closed Category

We say that a symmetric monoidal closed category (C, I, ®,—) is Met-enriched when every
hom-set C(X,Y) has the structure of a metric space subject to the following conditions:
the composition is a morphism in Met from C(X,Y) ® C(Z, X) to C(Z,Y); and
the tensor is a morphism in Met from C(X,Y)® C(Z,W) to C(X ® Z,Y ® W); and
the currying operation is an isomorphism in Met from C(X ® Y, Z) to C(X,Y — Z).
For morphisms f,g: X — Y in C, we write d(f, g) for the distance between f and g.

» Definition 12. A pre-model M = (C,I,®,—o,|[—]) of Ag is a Met-enriched symmetric
monoidal closed category (C,1,®,—) equipped with an object |R| € C and families of
morphisms {|a]: T — |R|}aer and {|f]|: |R]®>() = IR} res.

For a pre-model M = (C,I,®,—o, |—]|) of Ag, we interpret types as follows:
[RI™ = [R], M =1 [red™=[1"e]", [r—ood™=[]"—[]".

For an environment I' = (2 : 7,...,y : o), we define [I']™ to be [7]" @ --- @ [o]™. Then,
the interpretation [I' - M : 7]M: [T]M — [7]™ in M is given in the standard manner
following [20], and constants are interpreted as follows: [~ @ : R]JM = |a],

[P #AEFOM, . N)RIY = | flo (MY @ @ [N]Y) 06
where 0: [T#A]M = [T]M @ [A]JM swaps objects following the merge T#A.

» Definition 13. We say that a pre-model M = (C,I,®,—o,|—]) of Ag is a model of Ag if
M satisfies the following three conditions.

(M1) For any f € S, if f(a1,...,aas)) = b, then If(ax, ... @)™ = [p]M.

(M2) For all a,b € R, d(|a],|b]) = |a —b|.

(M3) For all z,y: I — X in C and all finite sequences ay,...,an,b1,...,b, € R, we have

d(la1] @ ® lap] @z, b1 @ ® |bp] @y) > |ar —b1| + -+ + |an — byl

The first condition corresponds to the reduction rule for function symbols and is necessary
to prove soundness for models of Ag. The remaining conditions are for admissibility of the
metric derived from models of Ag.

» Proposition 14 (Soundness). Let M be a model of Ag. For any term M € Term(r) and
any value V € Value(r), if M <V, then [M]™ = [V]M.

Proof. By induction on the derivation of M < V. Except for the case f(Mx, ..., May(s)) < b,
we can check [M]M = [V]™ by using soundness of symmetric monoidal closed categories
with respect to the linear lambda calculus [20]. The case f(M, ..., May(s)) < b follows from
(M1). <



U. Dal Lago et al.

Let M = (C,I,®,—,|—]) be a model of Ag. For an environment I" and a type 7, we
define df\ftT to be the function

d([[*]]M, [[—]]M): Term(I', 7) x Term(T,7) — R

» Proposition 15. For any environment I' and any type 7, the function df‘j‘T s a metric on
Term(T, 7). Furthermore, {d{‘{‘T}peEnV,TeTy s admissible.

Proof. It follows from Met-enrichment that dit!. is a metric and (A1) holds. (A2) and (A3)
follow from (M2) and (M3). (A4) follows from soundness of symmetric monoidal closed
categories with respect to the linear lambda calculus [20] and (M1). <

» Example 4. The symmetric monoidal closed category Met of metric spaces and non-
expansive functions can be extended to a model (Met, I, ®,—, |—]) of Ag where we define
|R| € Met to be R, and for f € S, we define | f|: R®*"(/) - R to be f. O

6.2 Denotational Metric

In this section, we recall the notion of metric cpos introduced in [3] as a denotational model
of Fuzz, and we give a model of Ag based on metric cpos. While we do not need the domain-
theoretic feature of metric cpos to model Ag, we believe that the category of metric cpos is a
good place to explore how metrics from denotational models and metrics from interactive
semantic models are related. This is because the domain theoretic structure of the category
of metric cpos directly gives rise to an interactive semantic model via Int-construction as we
show in Section 6.3.2.
Let us recall the notion of (pointed) metric cpos [3].

» Definition 16. A (pointed) metric cpo X consists of a metric space (|X|,dx) with a
partial order <x on |X| such that (|X|,<x) is a (pointed) cpo, and for all ascending chains
(zi)ien and (z})ien on X, we have dx (V;en Tis Vien @%) < Vien dx (i, @5).

For metric cpos X and Y, a function f: |X| — |Y] is said to be continuous and non-expansive
when f is a continuous function from (| X|, <x) to (|Y], <y) and is a non-expansive function
from (] X|,dx) to (|Y],dy). Below, we simply write X for the underlying set | X]|.

Pointed metric cpos and continuous and non-expansive functions form a category, which is
denoted by MetCppo. The unit object I of MetCppo is the unit object of Met equipped
with the trivial partial order. The tensor product X ® Y is given by the tensor product of
metric spaces with the componentwise order. The hom-object X — Y is given by the set of
continuous and non-expansive functions equipped with the pointwise order and

dx -y (f,9) = sup dy (fz,gx).
reX
We associate MetCppo with the structure of a model of Ag as follows. We define |R| to
be (RU{L},dgr,<g) where dp is the extension of the metric on R given by dr(a, L) = 0o
for all @ € R, and (RU {L}, <g) is the lifting of the discrete cpo R. For f € S, we define
|f]: R®>(f) — R to be the function satisfying | f](z1, ... s Tar(f)) = ¥ € R if and only if
Ti,..Tarpy) € Roand f(21,...,Za(p)) = y- In the sequel, we denote the metric on Ag
induced by this model by d°", and we call the metric d4°® the denotational metric.

13
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R
a—— ;
R @ R % = | f(a) R
(a) The interpretation of M, (b) Interpretation of M, F'
o9 bR = [9(/@) - R
R T
(c) Interpretation of N (d) Interpretation of N M,

Figure 6 Interpretation of Terms in the Interactive Semantic Model

6.3 Interactive Metric

We describe another model of Ag, which we call the interactive semantic model. In the
interactive semantic model, terms are interpreted as strategies interacting with their evaluation
environments. Categorically speaking, the construction is based on the notion of trace operator
and on the related Int-construction [18]. Below, we first explain how terms are interpreted,
and then, we formally describe the construction of the interactive semantic model.

6.3.1 How Terms are Interpreted, Informally

We present the interpretation of terms in the interactive semantic model using string diagrams
without explaining their meaning precisely. We first consider a simple term F = Az : R. f(x).
Its interpretation is given by the following diagram.

RAIP- R

This interpretation means that given an argument a € R, it returns the evaluation result of

F(a) — f(a) as follows:

Here, the grey regions denote components corresponding to the argument @ and the term
F. In this example, there is no interaction between functions and their arguments, which
instead shows up in higher-order computation. Let us consider M, = Ak : R — R. k@ for
a € R. The interpretation of this term is given in Figure 6a, and the interpretation of the
application M, F' is given in Figure 6b, which can be understood as a representation of the
following interaction process between the term M, and its argument F: the term M, first
sends the query @ to the argument F, and then the argument F invokes f(@). The evaluation

result f(a) is sent to M,, and M, outputs the value f(a). We consider another example
N =X : (R —-R)—oR.g(k(Ar:R. f())). Its interpretation is given in Figure 6¢c, and
the interpretation of N M, is given in Figure 6d. The interaction between N and M, starts

with the query @ from M, to N. Then, N invokes f(a@). The evaluation result f(a) is sent to

M,, and M, sends f(a) to N. Finally, N invokes g(f(a)) and outputs the evaluation result
9(f(a)) of g(f(a)).

In this way, in the interactive semantic model, terms are interpreted as string diagrams

that represent “strategies to interact with its arguments”. The intuition of interactive metric
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d™ associated to the interactive semantic model is to measure difference between these
strategies. For example, we have d'2 (Rﬂ)R)wR(MO, M) = 1 since the difference between
the two interpretations

)

are the queries 0 and 1. We note that the interactive semantic model provides an intentional
view, and therefore, interactive metric distinguish some observationally equivalent terms. For

example, if S has a constant function c: R — R, then for all ¢ € R, the terms L, = Ak : R —o
R.¢(ka) are observationally equivalent. On the other hand, we have gf(R—oR)—oR(LO’ L) =

1. This is because the interpretation of L, tells us that for any value V : R — R, the first
event in the evaluation of L,V is to invoke V @.

6.3.2 The Interactive Semantic Model, Formally

In order to formally describe the interactive semantic model, we first observe that the
category MetCppo has a trace operator, which is necessary to apply the Int-construction
to MetCppo. For f: X ® Z - Y ® Z in MetCppo, we define tr)Z(’Y(f): X =Y by

tr)ZQY(f)(x) = the first component of f(z, 2)

where z is the least fixed point of the continuous function f(z,—): Z — Z. When we ignore
the fragment of metric spaces, the definition of tr)ZQY( f) coincides with the definition of the
trace operator associated to the least fixed point operator on the category of pointed cpos
and continuous function [15]. Hence, in order to show that tr)ZQY is a trace operator, it is
enough to check non-expansiveness of tr)ZQY( -

» Proposition 17. The symmetric monoidal category (MetCppo, I,®) equipped with the
family of operators {tr)Z()Y}Xy,ZeMetcppo is a traced symmetric monoidal category.

Proof. We write g: X ® Z - Z and h: X ® Z — Y for the continuous and non-expansive
functions such that f(x,a) = (g(z,a), h(z,a)). To prove non-expansiveness of tri’y(f), we
suppose that there are x, 2’ € X such that

dy (tr% v (f) (@), tr% v () (@) > dx(z,2")

and derive a contradiction. By the assumption, dx (z,z’) is finite. We define a,,al, € Z by

ap = a6 =1, An+1 = g(.f(:, an)v a’/ﬂ+1 = g(xlv a/;L)

We write as for \/, oy
We first check that dz(an, a},) is finite. The base case is trivial. For the induction step n > 0,
it follows from non-expansiveness of g that we have

dX( ) + dZ(Cln, ) > dZ(an+17 n+1)

Hence, we conclude that dz(an, a},) is finite. We next check that the sequence dz(ay,al,) is
bounded. Since we have

tr)Z(’Y(f)(x) h(z, as0) \/ h(z,ay,), tr)Z(yy(f)(x ) = h(z,a’, \/ h(z',al,

n>0 n>0

an and al, for \/, .ya;,. Below, we show that dz(aw,al,) is finite.

15
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by using Lemma 4.5 in [3], we obtain

liminf dy (h(z,a,), h(z',al)) > dy(tl"§<7y(f)(l‘),tl")Z(7y(f)(I/)) > dx(x,2).

n—oo

From this, we see that there exists NV > 0 such that for all n > N,
dy (h(z,a,),h(x',al)) > dx(z,2).
Then, it follows from non-expansiveness of f that for all n > N, we have

dx (xﬂ :ZZ/) + dZ(ana aiz) 2> dy(h(l’, an)a h(xla aln)) + dZ(a’TH-lv 0’2L+1)

> dx(z,2") +dz(ans1, p4q)-

Hence, since dx (z,z') is finite, we have

dZ(a/na Cl{n) > dZ(an+17 a/;q,—i-l)

for all n > N. Now, we obtain

dz(aoo,al,) = dz \/ an, \/ a, | <dx(an,aly) < oco.
n>N n>N

Since

dx (2,2") + dz(ase, are) = dy (0% y (f) (@), tr% y (£)(2')) + dz(ass, aty),

we have

dx(z,a2') > dy (% y (f)(2), r% v () (")),
which contradicts the assumption. |

Now, we can apply the Int-construction to MetCppo and obtain a symmetric monoidal
closed category Int(MetCppo). (In fact, what we obtain is a compact closed category,
and we only need its symmetric monoidal closed structure to interpret Ag.) Objects in
Int(MetCppo) are pairs X = (X1, X_) consisting of objects X; and X_ in MetCppo,
and a morphism from X to Y in Int(MetCppo) is a morphism from X; @ Y_ to X_ @ Y,
in MetCppo. The identity on (X, X_) is the symmetry X; ® X_ 2 X ® X, and the
composition of f: (X4, X_) — (Y4,Y_) is given by

Y_®Yy /

try o7 x ez, (X-®0)o(f®g)o(XL®6))
where : YV, Y- ® 7, - Z, @Y_@Y;and 0: Y_ Y, ®7Z_ - Z_QY_Q®Y, are the
canonical isomorphisms, and we omit some coherence isomorphisms. The symmetric monoidal
closed structure of Int(MetCppo) is given as follows. The tensor unit is (I,7T), and the
tensor product X ®Y is (X4 ®Y,, X_®Y_). The hom-object X — YV is (X_ @Y, X, ®Y_).
For more details on the categorical structure of Int(MetCppo), see [18, 26].

We associate Int(MetCppo) with the structure of a model of Ag as follows. We define
|R| to be (R, I), and for each f € S, we define | f]: (R, I)®*() — (R, ) by

R®ar(f) the interpretation of ? in MetCppo

R® N o1 =, R = 1%#U) @ R.
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idx: X = X (g:Y 5 Z)o(f: X > Y) f:X® ®Z%Y® QW

X s TR

([ X=Y)®(g: Z—=>W) symyy: XQY =Y ®X trxy

Figure 7 String Diagrams for the Traced Symmetric Monoidal Structure

(z:7hFz:7) CTHEMN:0.M:0—T) (TH#AFMN :7)
(- ] )+ - vl ()
(-
(s ::>C o)+ M (o) — (A) 4+ (A)_
-+ L - Ty (r)—
(~a:R) (T#AF f(M,N): R) (T#AFMQN:7Qa)

(o) — 1 o)+
o b@%}@ o
(A)+ (A) -
)+ % (-

(T#AFlet * be M in N : 7) (T#AFlet z®y be M in N : o)

(A)+
)+

() - 1 (g
- . -+ (T1®T2)+ M (r1®T2) -
(Aa)— (FAVES (A 4 (A)_
) ——{Mp>— -
I+ T |V (-

Figure 8 The Interpretation of Ag in Int(MetCppo)

We write d™ for the metric on Ag induced by the interactive semantic model, and we call
d™ the interactive metric.

In Figure 8, we describe the interpretation of Ag in Int(MetCppo) in terms of string
diagrams. Here, we write (7)1 and (7)_ for the positive part and the negative part of the
interpretation of 7, and we write (I' = M : 7)) for the interpretation of a term I' - M : 7. See
Figure 7 (and [26]) for the meaning of string diagrams. The interpretation (F * : I) is not in
Figure 8 since (- x* : I) is the identity on the unit object I, which is presented by zero wires.
In the interpretation of f(Mj, ..., M), we suppose that ar(f) = 2 for legibility.

7 Finding Your Way Around the Zoo

We describe how admissible metrics on Ag in this paper are related. Below, for metrics
d ={dr:}rcgnv,reTy and d’ = {d},T}peEnvyTeTy on Ag, we write d < d’ when for all terms
EM:7and '+ N : 7, we have dr (M, N) < dp. (M, N). We write d < d’ when we have
d < d' and d # d'. Our main results are about the relationships between the various metrics
on Ag illustrated in Figure 1.

» Theorem 18. The following inclusions hold.
1. For any admissible metric d on Ag, we have d\°8 = d°P% < d < d°a",

2. If a metric d on Ag satisfies (A1) and d°Ps < d < d°) then d is admissible.
3. dlog — dobs < dden < dint < deau
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Proof. (Proof of (1)) We first show that d°® < d. For any (n,o,C[-]) € K(T',7), if
CM] - @ ® - ®@ ®V and C[N] b ® -+ @b, ® U, then
(A3)+(A4) (A1)
Z |a¢—bi| < dQ7R®”®U(C[M]»C[ND < dpr(M,N).

1<i<n

By the definition of d°P®, we obtain d°®® < d. We next show that d < d°a". We can inductively
show that if ' = M ~, N : 7, then dr (M, N) < r. In the induction step for I' = M ~¢ N : 7,
we use (A4). In the induction step for - @ =, b : R, we use (A2). In the induction step
for A = C[M] =, C[N] : o, we use (Al). By the definition of dp'/(M, N), we obtain
dr-(M,N) < d}(M, N). (Proof of (2)) We check that d satisfies (A2), (A3) and (A4).
The condition (A2) holds because |a — b| = d2Pk (@,b) < dgr(a,b) < dg'yk(a,b) = |a — .
(A3) follows from dp" < dp ;. (A4) follows from dp , < dp!?. (Proof of (3)) The inequalities
d°P < d9°™ and d™* < d°" follow from (3). The proof of the strict inequality d4°® < d™™* is
deferred to the next section. |

Concrete metrics in-between d°® and d®9" are useful to calculate d°® and d°d. For
example, it is not easy tS dz’recfly prove d((alj:uRwI),I (k2,k3) > 1 since we need to know that
whenever k: R —o I+ k2 &, k3 :1is derivable, we have r > 1. Let us give a semantic proof

for the inequality d?ngwI) 1(k2,k3) > 1. Here, we use the interactive semantic model. The

interpretations of these terms in the interactive semantic model are

R | e T
o [2p-r 1 [3pR

where we can directly see the values applied to k. Hence, we obtain di(‘}Ct:R_OI)_I(k 2,k3) = 1.
Then, the claim follows from d™ < deav,

By applying Theorem 18 to d9°", we can show admissibility of d°P® and d°a".
» Corollary 19. The metrics d°% = d°® and d°® on Ag are admissible.

Proof. We first show admissibility of d°”. As we mentioned in the proof of Proposition 3, it
remains to check that d°" satisfies (A4). When I' = M = N : 7, then by Theorem 18, we
obtain dps (M, N) < df?(M,N) = 0. Hence, di?i(M, N) = dg"(M,N) = 0. We next show
admissibility of d°?". As we mentioned in the proof of Proposition 10, it remains to check
that d°1" satisfies (A2) and (A3). Since for all a,b € R, we have

o — b| < dk(a@,b) < dy'R (@, b).

Hence, d°" satisfies (A2). (A3) can be checked in the same way. <
As for semantic metrics, we have the following separation results.

» Proposition 20. If S = (), then we have d°" < d°™ and d°P® < d™*.

Proof. We only check the statement d°® < d%°®. The other strict inequality can be checked
in the same way. Since d°® < d9°", we only need to check they are different. Let I be
(f : R®2 — R). Then, we have

A} s> (0@ (£00),T® (f00)) = 1.

On the other hand, as we observed in the proof of Proposition 4, there is no closed term of type
R®? — R. Hence, d2%. (0@ (£00),T® (f00)) = d 0. (0@ (£00),T® (f00)) =0. <
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» Proposition 21. We have d‘(izg:anI),I(k 0,k1)=0and di(r,;t:RwI)’I(k 0,k1) =1. In particular,
Jint ﬁ dden.

Proof. We have d?ﬁ‘h D1 1(k0,kT) = sup,, LRJ—>I d(k(0), k(1 )) = 0. On the other hand, for
a € R, we have (ka) =a: I — R. Hence, d (hr—or)1(K0, K T) = <

8 Comparing the Two Denotational Viewpoints

In this section we show that, by passing from MetCppo to the interactive model via the
Int-construction, one obtains a more discriminative metric. In other words, our goal is to
establish that d9® < dt,

In this section, beyond the evaluation relation defined in Section 3, we will make reference
to the standard S-reduction and S-equivalence relations on Ag. Indeed, the two semantics
we are considering behave differently with respect to these relations: for S-equivalent terms
M, N, while their interpretations in MetCppo coincide (and thus d%°"(M, N) = 0), this
needs not be the case in the interactive model.

Let us start by making the interactive metric more explicit. Notably, in the case
of B-normal terms, computing distances in Int(MetCppo) can be reduced to computing
distances in MetCppo as follows: a morphism from I" to o in Int(MetCppo) is a morphism
in MetCppo from ()4 ® (o)+ to (I')— ® (o)+, where these two objects correspond to
tensors of the form U® --- ® U, with U € {I, R}, More precisely, with any list of types
I’ one can associate two natural numbers I't, '~ defined inductively by (0)* = (0)~ = 0,
(UsD)*T = 14TF, (U«s)" =T, (0 o7+t =0~ +77 4T, (60 o 74[')” = o +77+1'",
(c@7*D)t =0T +77 4T, (60 @7+I)” =0~ + 7~ +I'". Then one has the following:

» Proposition 22 (first-order int-terms). Let M, N be $-normal terms such thatT' - M, N : o
and let m =T+ + 0=, n=T"+0". Then there exist first-order linear terms HM ... HM,
depending on variables 1, ..., Ty, and a partition I, ..., L, of {1,...,m} such that.
I+ HJM U, forallj=1,...,n, whereT; ={x; : U |l € I;}, with U € {I,R};
[[MH Int(MetCppo) _ ® 4[[H]]‘\4]]Methpo‘
J

Proof. if M =x,thenT ={x:0},som=0"+0" andn =0~ +0*, hence the variables
Qi, ..., 0y, can be split as By, ..., Bot, V15 - Yo, and we let, for i < o=, HM = ~;, and
forz>a+ Hé\/fﬂ =

if M =x, then ' = () and n = 1, and we let H]M = ;

if M =@, then T' =) and n = 1, and we let HM =

if M = f(Mjy,...,My), then there is a partition Ji,...,J, of 1,...,m, so that I'; -
M; : U, where I'; only contains the variables «a,. with r € J;. Moreover, we have that
m=TT+U" =TT=%,T)"andn=T"+R*" =3 ,(I'))” + 1. We thus define H

as follows:
it i =Y T} +j, with m < kand j < T, then HM = M
e - j — M M
if i =3 T; +1, then HM = f(HF 1+1’ oo Hy kﬂ)

if M = A\x.M’, then the HM are defined like the HiM .

if M = zM; ... M, then there is a partition Ji,...,Jy of p™ + 1,...,m such that
I'={z:p}+>,_; T, with I'; containing only the variables a, for s € J;, and where
p=01—o-—oo0,—ocand Iy M :0;. Thenm=pT+ >, I} +0- =0 +0 +
> Fl+ + 07, so the variables oy, ..., a,, can be identified with the variables occurring in
all the terms H. lM‘ plus new variables 5 for any negative occurrence in ¢ and ~, for any
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Figure 9 String diagrams with int-terms for M = f(z(y0), 22) and N = g(z (1), y3).

(z,v)

N Ql

=l ol

positive occurrence in o; moreover, n =p~ + >, I, +ot =30/ +o= + >, I, +ot.
So we define the terms HM as follows:
fori=3" 0/ +jform<kandj<o} , HY =
fori=Y,0 +s, fors<o~, HM = 3
fori=>%,01 +o0-+> I} +j,form<kandj<T,  , HY = HJ]-V[""’I;
fori=3 0+ +>,I; +r, forr<ot, HY =~,.

if M = My ® M, then ¢ = 01 ® 02 and T splits as I'y 4+ I'y, with I'y = M; : 01 and

I's = Ms : os. Thenm:Ff—l—I‘;—l—af +oy andn=T1] +T5 —&-Uf—l—agr, so we define

HM as follows:

ifigFf,thenHiM:HiMl;

if i =T} + j, with j <T5, then HM = H'2;

if i =T~ + j, with j < o, then HM = Hé”lﬂ
if i =T~ +o0] + 7, with j <o, then HM = HM2 .

if M =let x be M in N, then the definition goes as for (M. N)M

if M =let z® y be M in N, then the definition goes as for ()\x.N)

That [M]™t(MetCppo) — ®; [H M ]MetCPPO can easily be checked by induction on M. <
Intuitively, the variables occurring in the left-hand of I'; - H ]M : U correspond to the left-
hand “wires” of the string diagram representation of [M]™t(MetCppo) and the first-order
term H " describes what exits from é-th right-hand “wire” of [M [t (MetCppo)

]\/IWL+1
LA +3’

» Example 23. Let M = f(x(y0),22) and N = g(z(z1),%3), so that T - M, N : R, where
'={z:R —-R,y:R—-oR,z:R — R}. The string diagram representations of M and N,
with the associated int-terms, are illustrated in Fig. 9.

From Proposition 22 we can now deduce the following:
» Corollary 24. For all 3-normal terms M, N, d"*(M, N) = Z;;l dden(HJM, HJN)

For instance, in the case of Example 23, the distance d"*(M, N) coincides with the sum
of the distances, computed in MetCppo, between the int-terms illustrated in Fig. 9.

We can use Corollary 24 to show that the equality d™ = dden cannot hold. For instance,
whi}e d‘(i;:“R_OI 1(k2,k3) = 0, by computing the int-terms HY 2(z) = HM3(z) = o, HE =73,
HL? =3 we deduce djj'g p 1(k2,k3) = 0+1=1.

It remains to prove then that die® < d*.

» Theorem 25. For all M, N such that '+ M, N : o holds, d**(M,N) < d™* (M, N).

» Example 26. For the terms M and N from Example 23, the procedure just sketched
defines the sequence: M = f(x(y0),22) fe2)m9@y) G(z(y0),y0) "= g(a(22),y0) "= 03

= N, where at each step the replacement is of the form
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While the argument above holds in the linear case, it does not seem to scale to graded
exponentials, and in this last case we are not even sure if a result like Theorem 25 may
actually hold (see also the discussion in the next section).

The rest of this section is devoted to prove Theorem 25. For simplicity, we will restrict
ourselves to a linear language without unit and tensor types I,0 ® 7, and without the
associated term constructors. However, the argument developed below can be easily adapted
to include such constructors. Given our restriction, we can suppose w.l.o.g. that in Theorem
25 the right-hand type o is R.

Moreover, it suffices to prove the claim for M, N B-normal, using the fact that, if M* and
N* are the B-normal forms of M, N, then d4*(M, M*) = d4*(N, N*) = 0, and moreover

d™(M*, N*) < d™* (M, N), as a consequence of the non-expansiveness of the trace operator.

Recall that

ddcn(M N) _ bup{ddcn([[MﬂMEthpo( ) [[NﬂMethpo( )) | ac [[FHMethpo}

4 (M) = sup {Z dien (YY) | 7 e Rm}
i=1

For fixed @ € [[JMetCPPe we will construct reals ¥ € R™, a sequence of terms M =
My, ..., My = N, where k =T~ + o™, and a bijection p: {1,...,k} — {1,...k} such that
the distance between M;|[@] and M, 1[d] is bounded by the distance between the int-terms
H (ir1yl7] and HY oli+1)[7]- In this way we can conclude by a finite number of applications of
the triangular law that

dge™ (M[a), Na]) < dg™ (Mola], My [a]) + - -- dden(Mk 1[a], Mya])
< dden(Hpu)H p(1)ﬂ) AR p(k)[f] Hp(k) [7) < d™(M,N)

To construct the sequence My, ..., My, we need a few preliminary results.

For any type o (or list of types I'), we indicate as {o} (resp. {o}~) the list, read from
left to right, of positive (resp. negative) atomic occurrences in o. Observe that ot (resp. 07)
coincides with the length of the list {o*} (resp. {o7}).

We will establish a few bijections, more precisely:

between the elements of the list {I'" } * R and the positive subterms of M (resp. of N),

cf. Def. 27 below; this will allow us to associate each first-order term H with a positive

subterm of M;

between the elements of the list {I't} and the free and bound variables of M (resp. of

N); this will allow us to associate each variable x; in M with a first-order variable z;

appearing in the int-terms of M.

finally, between {I'"} * R and a certain quotient over the set of variables of M.

» Notation 8.1. In the following we use F(x1,...,x,) and G(x1,...,x,) to indicate linear
first-order terms with free variables included in 1, . . ., x,. Moreover, given terms My, ..., M,
of type R, we indicate with F(My, ..., M,) the (non necessarily first-order) term obtained by
substituting 1, ..., x, with My,..., M, in F.

» Definition 27. A subterm of M of the form N = F(Ny,...,Ni) is called a positive
subterm of M if for no other first-order function g, N occurs in M in a term of the form
g(Piy...,Pro1,N,Pryq,..., Py). We let PS(M) indicate the set of positive subterms of M.
Moreover, we let PSo(M) C PS(M) indicate the set of positive subterms of M containing no
free or bound variable.
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» Notation 8.2. In the following, when indicating positive subterms as F(Mj,..., M,) we
make w.l.0.g. the assumption that the terms My, ..., M, do not start with a function symbol,
i.e. are of the form xQ1...Qs.

» Lemma 28. There exists a bijection tpr : {T ™} * R — PS(M) (and similarly for N ).

Proof. By induction on M:
if M = F(xq,...,x,) is a first-order term, then {T"} =R «*--- xR so {I"} xR = {R},
and the bijection is ¢/ (1) = ¢;
if M = F(Ml, .. .,Mn)7 where Mz = xiMil .. ~Miqi7 then let Mij = )\Zl ..... )\Zntl

ij U130
where for some context A;; = {21 : 0451, 2n,; * Tijry, }r Dijy Aij t;j ¢ R, with T'j;
being a partition of I' — {z1 : 01,..., 2y : 0}, With 0; = 041 — -+ —0 0y, — R, with
Oij = 0451 —© +++ —° Oyjn,; —° I then by the I.H. there exist bijections ¢y, between

{(Fij, Aij)_} and PS(M”) Notice that PS(M) = {t} U Ui,j PS(M”)
Now, observe that an element of {I'"} * R is either (1) the last element R, (2) an element
of {T';}, (3) the last element of some {o}, or (4) an element of some {07, }. We thus
obtain then a bijection tps : {I'”} * R — PS(M) by letting:

if I is the last element of {T'"} x R, then ¢ps (1) = M;

if Lis in {I';;}, ear (1) = eary; (1;

if [ is the last element of {0}, then tpr(l) = M;;;
if Lis in {0y, }, tar(l) = tar,; (1), where I* is the corresponding element in o;.

<

» Remark 29. The lemma above actually defines a bijection between the positive subterms of
t=F(Ny,...,Ni) and the terms HM (which, as described in more detail below, are indeed
of the form F(x1,...,x)).

Let o be a type; for any occurrence | € {oc*}, let o, indicate the unique sub-type of o
having [ as its rightmost occurrence. Intuitively, ¢57(1) is the positive subterm that receives
type o; in the typing of M.

Let T' = {x1 : 01,...,2y : 0, } and let V(M) be the set of free and bound variables of ¢.

» Lemma 30. There exists a bijection §py : {T'"} — V(M) (and similarly for V(N)).

Proof. By induction on M:
if M = F(xq,...,2,), then I'" = R x--- xR, and we let 0y (i) = x;
N

n times

if M = F(Ml, ceey Mn)7 where M7 = I7M71 e M”Iz? then let Mij = )\Zl ..... )\Znij-t/‘
where for some context Aij = {Zl 0451y ,Znij : O—ijT‘ij}7 FijaAij = t;j : ]37 with Fij
being a partition of I' — {z1 : 01,..., 2y : 04}, With 0; = 041 — -+ —0 04, — R, with
Oij = 0jj1 —© ++* —° Ojjn,; —° R; then by the I.H. there exist bijections 5M7’,j between
(Tij * Aj)™ and V(M;;). Notice that V(M) = {x1,...,zn} UU; ; V(M)
Now, observe that an element of I'" is either (1) an element of I‘;-"j, (2) the last element
I, or (3) an element of some J;;m. We obtain then a bijection ¢y : TH — V(M)
by letting:

if Lis in 7, 6ar(1) = dar,, (1);

if [ is the last element of o, then d5/(1) = 2;;

if I is in a;;n” dp (1) = 0nr,,; (I*), where [* is the corresponding element in o;.

of some o

|

» Remark 31. The lemma above actually defines a bijection between the variables of M and
the first-order variables appearing in the int-terms of M (which are indeed enumerated by
the list {T'F}).
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» Notation 8.3. Using the lemma above V(M) ~ V(N) ~T'". We use X to indicate any of
these equivalent sets. As modulo renaming we can suppose dp; = O, from now on, for all
i € X, we indicate as x; the variable dpr(i) = dn (7).

» Definition 32. For anyi € X, let ¢; M be the unique subterm of M of the form x; M ... My,
and ;M the unique positive subterm of M of the form F(Ny,...,Np—1,0;M, Nppiq, ..., Np).
Foralli,je X, leti Ty j if ¢; M is a subterm of ¢; M, and i ~pr j if ;M = ;M.

» Lemma 33. T, is a well-founded order on X.
~ ts an equivalence relation on X.

The relation Ty extends naturally to PSo(M), by letting F' Cay i, for F € PSo(M), if F
is a subterm of ¢; M.

Let X.,, indicate the quotient of X under ~; and let X := X, UPSg(M). In the
following we will use &, x, ... to indicate elements of X

Let us extend the relation Cj; from X to XM

» Definition 34. For all &,y € XM, £ T3, x holds if either E =x or 3j € x Vi € £ i Ty j.
Moreover, we write € TS, x if € # x, £ Car x and for all @ € XM, € Ty 0 and 0 Cyp
implies 6 € {£, x}.

Observe that £ CY, x holds precisely when there is j € x such that for all i € &,
OiM =z;Q1...Qi—1(YiM)Qi41 ... Q. Moreover the following is easily proved:

» Lemma 35. C%, is a well-founded preorder with a mazimum element Tpr = {i1,..., 0},
where M = F (¢, M, ...¢; M).

We can define a bijection 6, : PS(M) — XM sending each positive subterm P =
F(Ny,...,Ny,), where N; = 2;Q;1 .. . Qin,, onto the equivalence class {z1,...,z,}, if n > 0,
and onto the singleton {P} otherwise (i.e. if P € PSp). The existence of bijections 6y :
PS(M) — XM @y : PS(N) — X together with tp; : {T~} * R and tj; : {T'~} * R implies
that the two sets XM = X, UPSo(M) and X = X, UPSy(N) are also in bijection
(being both in bijection with {T'~} x R).

Let L = (Onodn)o(Oarodar)™t : XM — XN be the bijection associating each element of

XM with the unique element of XV corresponding to the same occurrence of R in {T'~} * R.

Observe that the rightmost element of the list {I'"} « R is associated with T, = M and
TNx = N, we deduce that L(T ) = Th.

As a consequence of the bijections established above, we can enumerate the int-terms of
M and N using, as index set, X rather than {I'"} * R. In particular, for all £ € XM we
indicate the associated positive subterm of ¢ as

Mg = Fe(¢;M)
Ne == Ge(¢;N)

Jjeg
JEL(8)
and the associated int-terms as
H{' = Fe(x) jee
HgN = Ge(z))jerce
We now introduce a special class of terms:

» Definition 36 (terms with brackets). The set of A-terms with brackets is defined by
enriching the syntax of A-terms with a new clause: if t is a term, then [t] is a term. For any
term with brackets M, we let MY indicate the term obtained by erasing all brackets from M.
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Foralli € X, let {¢p; M} = x;(AZ1.[M1]) ... (AZ,.[My]), where ¢, M = x;(AZ.M7) ... (A\Z.M,,).

» Definition 37. A set U C XM s upward closed if « € U and o Ty o implies o/ € U.
For all upward closed sets U, the frontier of U, noted OU, is the set of ¢ € XM — U such
that, for some x € U £ CY, x. We conventionally let 00 = {T p}.

For any upward closed U C XM we define a set U(M) of M-terms with brackets by
induction on M as follows:

ifU=0and M =XZ.M’, then U(M) = {)\Z.[Q] | Q is a A-term};

if U # () (which implies T € U) and M = )\Z.F(@M)ZETM, then

U(M) = {)\Z.F(xiQi, QL) Q1€ U;.'(M;f)}

where for all i € Tys, ;M = a;P{... P}, and U} = U N XPi is an upward closed set of
XM,
Intuitively, P € U(M) if it is a term which is defined like M at all positions corresponding
to elements of U, and has a term in brackets at all positions of OU.
The following facts are easily established by induction on M:

» Lemma 38. i. Pc XM(M) iff P=M.
ii. if P € U(M) and P is bracket-free, then U = XM and P = M.

We now have all ingredients to define, by induction, a sequence of terms Sp, ..., S, and a
sequence of upward closed sets Uy C --- C U, C XV, verifying at each step i that:
a. S;eU; (N),
b. for all £ € OU;, S; contains the subterm [Mp,-1(¢)] at position &.

Let Sy := [M] = [M,-], and Uy = 0. Then Sy € Uyg(M) certainly holds. Moreover,
0Uy = {Tn}, and Sy contains at its root the subterm [Mp-1(T )] = [MT,,] = [M].

Now, to define S;41, choose ¢ € AU;, let x = L~1(€) and

Si—i—l = Sz([FX (¢2M)Z€X] = Gf ({¢]M})j€§)

and finally let U; 11 = U; U {¢}. To check that S;y; is well-defined let us observe that:
by the induction hypothesis S; contains the subterm [M, ] = [F) ((biM)iex] at position &;
if one of the newly introduced variables j € £ is bound in S;, it is never introduced outside
the scope of its abstraction Az;. Indeed, by the induction hypothesis, S; coincides with
N at all positions 6 € U;; hence, since N has at position £ the subterm G¢(¢;N) e, it
follows that any of the variables z; is in the scope of an abstraction Az; in S;y; iff it is

in the scope of the same abstraction in V.

Now, from S; € U;(N), that S;11 € U;11(INV) follows from the definition of U;11(N).
Moreover, if § € OU; 41, then either & € 9U;, so by IH we deduce that .S; contains [Mp, -1 (1],
and since & # &, also S;41 does; or & Y, &, i.e. there is j € € such that ¢ Y, j; now,
position & in ;41 contains one of the terms @)y, for ¢ = 1,..., s, where [¢p;M] = z;W; ... Wj
and W; = \z.Q;, and indeed we have that Q; = [Mp-1(c].

Let us define now My, ..., M as M; := Sj. It is clear then that M; = M. Let us check
that N = N: from Uy = 0 and §U;4+; = U; + 1, we deduce §Uy = k and thus $0U;, = 0,
which implies Uy = XV. From Sy € Ux(N) = XY (N), using Lemma 38 we deduce then
that My, = S} = S, = N.

We can now establish the main result:
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» Proposition 39. For all @ € [I'] there exist ¥ € [I]+ such that

M) - [Nl@] < > [EME - [HY])
ie{T"~}*R
Proof. Using the bijection ¢ : T'" — V/(M), let r; := [¢50) M](H).
Recall that the terms HM and HY, for i € {I'~} * R, can be equivalently enumerated as
Hé\{l@), Hé\’, for £ € XN, Let &, ..., & be the sequence in X7 chosen in the construction

of the sequence Sy, ..., Sk, and let xo = L™1(&), ..., xx = L™1(&:). We will show that for
all i = 1,....k, |[Mi_1])(¢) — [Mi)(@)] < [[EY](7) — [HY](7)]. Indeed we have

[M;-1](p) — [M:](a)

= |IMica1(@) = [Mi1 (P (1) ey, = G (1) e, ) 1@
= |1Mi10@) - M (BY ) = HY (7)) 1(@)
< |11 ~ [HE 1)

Using the fact that My = M and M) = N, as well as the triangular law, we deduce then

[[M](@) - [N](@)] < [[Mo] (@) — [Mi](@)] + - - + [[Mk-1](@) — [M](a@)]

k
SZI[[H%]](F)—[[HQ]]@Y

9 A Linear Programming Language with Graded Exponentials

In the following part of this paper, we generalize some of our arguments to a restriction of
Fuzz, namely, Fuzz without additive (co)products and recursive types where gradings are
non-negative possibly infinite integers rather than real numbers. We note that while we do
not have recursive types, we have recursion. Our generalization goes as follows.

We describe our target language, which we call A!S.

We extend the logical metric and the observational metric to A%, and we show that these

extensions coincide.

We extend the denotational metric and the interactive metric to A!S, and we show that

the observational metric is bounded by these metrics.

9.1 Syntax

Let us give our extended target language, which we call A{g, and its operational semantics.
For types, we have graded exponentials.

Types T,0 = | 1T Environments LAE=g|Tz:, T

In the definition of types and environments, n varies over the set N3 = {n € N | n > 0}U{oc0}
consisting of positive possibly infinite integers.

For an environment T, we write |T'| for the syntactic object obtained by removing all
gradings from x :,, 7 in I'. For environments I" and A such that |T'| = |A|, we inductively
define an environment I' + A by

G+ =0, Tz )+ (A2 7) = (T + A), 2t T
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a€R fesS kM :R ... Tyt My R
'a:R T'kEx:1 Dy+- 4 Doy B fF(My,..., Myyp)) : R
c,TEDl n>1 'tM:7 n-T<A D fiocwT—o0o,xaT7THFM:0o
'Fx:7 AFIM: 7 oo -I'fix,,(f,x,M):7—0
r-M:R AFN:R r-M:,R |a|<n
r+AFM+N:R 'a-M:R
FeyyobFM:T I'FM:0—o7 AFN:0o 'EM:7 AFN:o
'FXx:0oM:0—T Fr+AFMN:T F'+AFM®N:7T®0
't-M:I ZEFN:7 n-T'<A 'bM:o1®0y Z,x:p01,y o N7 n-T<A
A+=Flet * be Min N: 7 A+EFletz®ybe Min N : 71

'tM:lyo E2pmobN:T n-I'<A
A+=Flet!lxbe Min N: 7

Figure 10 Typing Rules

When we write I' + A, we always suppose that |T'| is equal to |A|. We write I' > A when
IT'| = |A| and for all  :,, 7 € T and z :,, 7 € A, we have n < m. For an environment I" and
n € NS, we define n-I' to be the environment obtained by the componentwise multiplication
of gradings in I" by n.

Terms, values contexts are given by the following BNF.

Terms M,N:= ---|IM|let!x be M in N | fix, ,(f,z,M)|a-M | M+ N
Values V.U := - | fix, o (f,z, M) | IV
Contexts Cl—]:=---|1C[—] | let lx be C[-] in M | let !z be M in C[—]

Namely, we have graded exponentials !(—), let-bindings for the graded comonad, recursion,
unary multiplications and addition. We add these term constructors so as to simplify the
definition of the observational metric on A!S. Typing rules are given in Figure 10, and
evaluation rules are given in Figure 11. We naturally extend the definition of Term!(l", 7),
Value'(7) and Value'(T) to Al. We write C[~]: (I',7) — (A, o) when C[-] satisfies the
following conditions.

For all terms '+ M : 7, we have A - C[M] : 0.

For a fresh variable y, we have y ;1 I, 71 —o -l 7n — 7, A F Clylay - -+ lz,] : 0 where

I'= (1‘1 k1 Tly -+ Tn tky, Tn).
We do not have fix in the definition of contexts because when a hole of a context is under
fix, then the second condition never holds. Intuitively, the second condition means that the
hole [—] appears linearly in the context C].

The following propositions can be shown by induction on derivations of type judgements.

» Proposition 40 (Substitution). IfT' M : 7 and v € Value'(T'), then - M~ : 7.
» Proposition 41 (Preservation). If- M : 7 and M — V, then -V : 1.

In general, a type judgement I' - M : 7 may have different derivations. For example,
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Mi—a ... M, —a, M<—a N—bc=a+b
VeV F(My, ..., M,) < flay,...,a,) M+ N ¢
M<—1b ab=c M<—Xe:7. M NV M[V/z]—=U
a-M—c¢c MN —=U

M<—V N<U M<—*x NV M—V®U N[V/z,U/y| - W
MN—=VU let *+ be M in N —V let z@ybe M in N—W
M < fix, ,(f,z,M') N <=V Mix,,(f,z,M)/f,V/z] = U

MN—=U
M=V M <1V N[V/z]—=U

M — 1V let ' be M in N — U

Figure 11 Evaluation Rules

z:3 RF x4 2z : R has the following derivations.

z1RFz:R z2RF2:R zoRFz:R z:1RF2: R
zs3RFz4+2z: R , zs3RFz4+2z: R

We can show that grading is the only source of non-uniqueness of derivations. This observation
is useful to define denotational semantics for Aly in Section 12.

» Proposition 42. For any environment I' and any term M, if Dy is a derivation of
I'EM:7 and D5 is a derivation of I' = M : o, then T can be obtained by changing gradings
in o, and D1 can also be obtained by changing gradings in Ds.

10 Logical Metric and Observational Metric

10.1 Metric Logical Relation

We define metric logical relations
T ! !
{(=) =7 (=) € Term'(7) x Term'(7)} ey, r€RS,
for Aly by induction on 7 as follows.

M=<RN «— if M < a, then N < band |a —b| <r
M <IN < if M < x, then N < x
M=% N < if M V@V’ then N—U®U’

and Hs,s’GR‘;O,ngUand V' 29U and s+ s <r
M <7 N < if M <V, then N = V'

and VU, U’ € Value'(r), if U <7 U’, then VU <7, V' U’
M ="™ N <= if M = |V, then N — U
and 3s € RS, V 0 U and r > ns.

Let T' = (21 ik, O1,.-.,%pn :k, On) be an environment. For v = (V4,...,V,) and v =
(V{,...,V!) in Value'(T'), and for € = (r1,...,7,) € (R,)™, we write v = »/ when we have
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Vi =2 VY, ., Vi X0 V. We define e-T to be r1ky + - - - 4 r,ky,. Here, we define 0oco to be

—ry

0. Then, for terms '+ M : 7 and '+ N : 7, we define d?gT(M, N) € R, by

\ I € V: ! : T ./
_<
% (M, N) = inf {r eRS| 17 € Value (L), if 7 = 7/, then } .

M~ =7, .r N and Ny =<7 M~y

We call d'°8 the logical metric on AIS. For later use, we prove the fundamental lemma.

> Lemma 43. Let ' = (21 ik, T1y-- ., Tn ik, Tn) be an environment, and let T'H M : 7 be a
term. Given ~y,~' € Value'(I') such that v <L +', then we have M~ =T M~

Proof. The proof is essentially the same with [25] using step indexed logical relations counting
the number of fix-reductions in M — V. <

11 Observational Metric

For teems ' M : 7 and T - N : 7, we define dlcl?i(M, N) € RS, by

A>3 (M,N) = sup inf {r € RS, | C[M] C, C[N] and C[N] C, C[M]}
Cl-]: (T,7)—(2,R) -

where for - L, L' : R,
LC, L' < if L a, then L' < band |a—b| <.
» Theorem 44. For terms ' M : 7 and I' = N : 7, we have dl‘lf’:(M, N) = di?fi(M, N).

Proof. The statement follows from Lemma 45 and Lemma 46 shown below. <

» Lemma 45. For any environment T' = (1 i, T1,...,Tpn ik, Tn) and any pair of terms

I'EM:7andT kN :7, if v € Value'(T') and dg*s(M,N) < oo, then My EIRVRCRARE

Proof. By induction on 7, we show that for all ' - M : 7 and I' H N : 7, we have

M~y <o ) N~. We only give a proof for 7 = 0 ® p and 7 = ¢ — p. (The case of
r,r

(M,N
T=0®p) Given v € Value!(F), if M~ diverges, then by the definition of <, we obtain
M~y = govs(ar,vy N7 If we have My < Vi ® V3, then since dl‘il?ﬁ(M, N) < oo, there are
U, € Value'(o) and U, € Value'(p) such that Ny < U, ® Us,. By the induction hypothesis
on ¢ and p, we have V; jg%bi,(vlyUl) U, and V5 jZ%b;(VQ’Uz) U,. It remains to check that

dgPs (Vi, Ur) + dgs (Va, Uy) < d9"5 ¢ (M, N). Below, we suppose that v = (Wy,...,W,). We

o Fo®p

write M and N for

Aeyime o Amy c T M)W - W,
(Axy 7. Az i T N) Wy - W,
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respectively. Then,

dys (Vi,Ur) 4 dgs (Va, Us)

e

C[U1) + D[Us) C, C[V4] + D[V4]

< sup inf {7 € R>g| and
C[-]: (&,0)—(9,R) C[V1] + D[V3] C,. C[U4] + D[U]
D[-]: (@,p)—(2,R)

let 2 ® y be M in Clz] + D[y
C,let z®y be N in Clz] + D[y]

< sup inf  r € R>¢| and
Cl-1: (2,0)=(9,R) let 2@y be N in C[z] + Dl[y]
D[-]): (#,p)—(2,R) C,let z®y be M in C[z] + DJy]

< dP%5e, (M, N).

We note that we use the addition to construct contexts. We need unary multiplications

to prove the case where 7 = !,,0. (The case of 7 = o —o p) Given v € Value'(T), if M~

diverges, then by the definition of <, we have M~y jgobs(M ) N~. Let us assume that
T,z ?

we have M~ — V, and we show that M~ 52;%’;(M,N) N~. From the assumption, since

dl‘lbj(M, N) < 00, we see that we have Ny < V' for some V' € Value'(7). In order to prove

My X fens (ag,ny N> we show that for all U <7 U, we have VU = jons vy V' U’ By

Lemma 43, we obtain V' U =<2 V' U’. Hence, by the triangle inequality, it remains to check

P el .. . p
VU jd§bj(M,N) V'U. By the definition of =, this is equivalent to M~ U jd?’)i(MyN) N~U.

It follows from the induction hypothesis on p that we have

p
MyU jd;{’;(M vnoy VU

Since d%%’;'(M UNU)< d‘ll'f’j(M, N), we obtain the claim. <
» Lemma 46. For terms ' M : 7 and ' = N : 7, we have d%l?ﬁ(M, N) < dlro,gT(M, N).
Proof. For simplicity, we suppose that I' = (x :; o). We show that if

Ay : o let 1z be y in M ji}“"%’T Ay : o let lx be y in N

Ay :lgo.let lx be y in N jlrk"_” Ay : lgo.let lx be y in M
for some r € R, then dlcl‘fi(M, N) <r. Given a context C[—]: (I',7) = (&, R), it follows
from adequacy of denotational model (Theorem 47) that

CM] = a <= (Az:lyo — 7.C[zlx])(\y : lyo.let lx be y in M) < a,

CIN] = b < (Az:lpo — 7.C[zlz])(A\y : lxo.let lx be y in N) < b.
Hence, it follows from Lemma 43 that C[M] converges if and only if C[N] converges. If

C[M] < a and C[N] < b, then we have |a — b| < r. Since this holds for any context
C[-]: (T, 1) = (2,R), we obtain d‘f‘?ﬁ(M, N)<r. <

12 Denotational Metric

Let MetCpo, be the category of pointed metric cpos and strict continuous and non-
expansive functions. Concretely, objects in MetCpo | are metric cpos with least elements
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L such that the distances d(L,z) are co when  # L, and morphisms from X to Y are
bottom-preserving. As is shown in [3], MetCpo, provides an adequate semantics for Fuzz.
By restricting their result to our language, we obtain adequacy for AIS. Foraterm I' - M : 7,
let us write [M]de: [[]de" — [r]9" for the interpretation of M in MetCpo,. We note
that [M]4e" is defined with respect to the type judgement rather than type derivations of
I' = M : 7. This can be checked by observing that the underlying continuous function of
[M]9e is obtained by first transforming A into the A.-calculus [23] and then interpreting
the transformed term in Cpo . In the transformation of A into the A.-calculus, gradings
are dropped, and therefore, all derivations of a type judgement I' = M : 7 are transformed
into the same derivation in the \.-calculus.

» Theorem 47 ([3]). Let = M : 7 be a term in Aj.
IFM <V, then [M] = [V]den.
If [M]%™ % L, then there is a value V € Value'(r) such that M < V.

For terms ' M : 7 and I' = N : 7, we define d%‘f?(M, N) € R, by
A0, N) = d([M]*, [N]*)

It is easy to see that d9°® is a metric on A!s- We call d4°" the denotational metric on A.
It follows from adequacy of MetCpo, that d°™ is bounded by d°".

» Theorem 48. d°Ps < dden,

Proof. If there is a context C[-]: (I',7) — (&,R) such that C[M] converges and C[N]
diverges, then, by adequacy, we have [C[M]] = [a]. [C[N]] = L for some a € R. Hence,
dfe? (M, N) > d¥'k (CIM],C[N]) = oo > dg’*(M, N). Similarly, when C[M] diverges and
C[N] converges, then di°(M, N) > dp”(M, N). Below, we suppose that for any context
C[-]: (T,7) = (&,R), C[M] diverges if and only if C[N] diverges. In this case, it follows
from Theorem 47 that if C[M] < a and C[N] < b, then |a — b| < d{*?(M, N). Hence, we
obtain the statement. <

13 Interactive Semantic Model

13.1 Preparation
13.1.1 Structures for Interpreting Graded Exponentials

We prepare structures on the category Int(MetCppo) that we use to interpret graded
exponentials in A!S. For X € MetCppo and n € NI, we define n - X to be the countably
infinite product of the underlying cpo of X equipped with the following metric:

d((zs)ien, (Yi)ien) = Z d(i,Yi).

i<n

It is not difficult to check that n-(—) is a traced symmetric monoidal functor on MetCppo.
Hence, we can lift the functors n - (=) to symmetric monoidal functors on Int(MetCppo).
Abusing notation, we also denote the functors on Int(MetCppo) by n - (—). To be concrete,
on objects X = (X1, X_) in Int(MetCppo), we have n- X = (n- X, ,n-X_).

In order to interpret dereliction, digging and contraction of Aig, for n,m € NI, we choose
bijections uy m: N x N — N and v, ,: {0,1} x N — N such that

Up,m embeds {(7,7) e Nx N |i<nand j <m}into {i € N|i < nm}; and
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Un.m embeds {(0,7) | i <n}U{(1,4) |i<m}into {i e N|i<n+m}.
Then, we define the following morphisms

dpx:n-X — X,
Onm,x:nm-X=n-(m-X),

Chmx:(m+m)- X=Z(n-X)® (m-X)
for n,m € N, by

dn,X((xi)iENa y) = ((y’ 1,4, ')7 xo),
On,m x ((zi)ien, (Wi g)jen)ien) = ((Yyz1 5))ien (T, .. i5))jen)ien),

ex ((w)ien, ((Yo,i)ien, (Y1,i)ien)) = ((yvn,m(i))ieN, ((xv;’lm(oﬂ'))iGNa (xvg}m(m))ieN))-

We also give a bit more general dereliction czn,m,X: (n+m)- X —->n-X by

~ —
dn,m,X((xi)iENv (yi)iEN) = ((yOa Y1y Yn—1, J—7 ey J—7 Ynys Yn+1, - - ')7
(56071’1, oy =1, Tn4+m—1Tn+m, - - ))

We note that morphisms d,, x, dn,m,x; Cn,m, X dn,m,x and wx are not natural with respect
to X. Still, we can show that they are pointwise natural transformation, that is, these
morphisms satisfy naturality conditions for global elements. For example, for all z: I — X,
we have d,, x o (n-z) =z ody, ; = x. For more details on pointwise naturality, see [1].

13.1.2 Structures for Interpreting Weakening and Cbv Evaluation

We also need structures on Int(MetCppo) to interpret weakening and call-by-value eval-
uation. For the former, for an object X € Int(MetCppo), we define wx: X — I in
Int(MetCppo) to be L: X, — X_ in MetCppo. For the latter, we use the Kleisli
category of a continuation monad

TX =X @ (K, K) = (X — (K,I)) — (K,

on Int(MetCppo) where K € MetCppo is the Sierpiniski space { L < T} equipped with
d(L, T) = co. We denote the unit, the multiplication and the strength of the monad T by

nx: X = TX,
ux: TTX — TX,
stryy: TX QY - T(X ®Y),
and we write dstrx y: TX @ TY — T(X ®Y') for the double strength
TXRTY —T(XQTY) —-TT(XQY) - T(XQY).
For n € N, we define a morphism
énx:n-TX - T(n-X)
in Int(MetCppo) to be

(n-X)@d
—_—

nTX=n- (X®(KK)=Zn-X®n-(K,K) (n-X)® (K,K)=T(n-X).

We use this distributivity of n - (—) over T' to model the action of graded exponentials on
terms.



32

On the Lattice of Program Metrics

13.1.3 Structures for Interpreting Constants

For interpretation of constants @ and f(Mj, ..., M,y()), we follow the interpretation of terms
in Ag: we interpret the base type R by (R, I), and we use |a|: I — R and | f]: R®*) - R
to interpret real numbers and first order functions. For interpretation of unary multiplications,
we use

multg n:n- (R, I) = (R, I)
for a € R and n € N such that |a| < n given by

mult, , ((2)ien, *) = (*,a(xo + -+ + p_1)/n).

13.2 Interactive Semantic Model and its Associated Metrics

Based on preparations in the previous sections, we give interpretation of A!S in the Kleisli
category Int(MetCppo)r.
Types in A’S are interpreted as follows:

[[R]]int = (R’ I)7
[[I]]int = (Iv I)7
[[7_ ® a,]]int — [[Tﬂint ® Haﬂint
[r — ol = ™ — T[o]™ = (Ir]™)" @ [o]™ & (K, K)

[[!n,r]]int =n- [[ﬂ]int
where (X, X_)* is defined to be (X_, X} ). As usual, we interpret environments as follows:
(@0t Y im U)]]int =n: [[T]]int Q- Qm- [[U]]int'

We next define interpretation of type judgements in A!S in Figure 12 where we simply write
[—] for [—]™¢ for the sake of legibility. We note that the interpretation is given with respect
to type derivations rather than type judgements.

We call this model the interactive semantic model for A!S. The interactive semantic model
gives rise to another semantically obtained family of metrics. For terms I' - M : 7 and
L'+ N : 7, we define di (M, N) € RS, by

A (M, N) = d([M]™, [N]™).

We prove adequacy of the interactive semantic model, which will be used to prove
d°bs < d™t. Below, for F M : 7, we write [M] |} when there is no f: I — [r] such that
[M] = f ® L(k, k) where Lx denotes the least element of Int(MetCppo)(I, X).

» Theorem 49. Let = M : 7 be a term in Aj.
If M — V', then there is a derivation of =V : 7 such that [M] = [V].
If [M] V), then there is a value V such that M — V.

Proof. We can show the first claim by induction on the derivation of M — V using pointwise
naturality of morphisms in Section 13.1.1, and we omit the detail. We prove the second
claim by means of logical relations. For a type 7, we define a binary relation

P, C Int(MetCppo)(/, [r]) x Value'(r)
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by
={([a],@) | a € R},
= {([+], %)},
T®0 {(f@g,V@U)‘(ﬁV)GPTand(g,U)GPU},
Pr oo ={(f,V)|¥(g,U) € P, (fog,VU) € P,},
W= LV) (V) € Pr}
where

P,={nof,M)| M <V and (f,V) € P,}
U{(f® Likx), M) | f: I = [r] and M € Term'(7)}

and f e g is given by

1199 (7] — To]) @ [7] =2 T]o].

By the definition of P, we can show that P, and P, are closed under taking least upper
bounds of the first component: for all (x1, M), (x2, M),... € Py, if 1 <29 < ---, then we
have (\/nEN T, M) € P,;. We show basic lemma for P;: for any I' = (z i, 0,...,¥ in, ),
any ' M : 7 and any (v, V) € P,,...,(u,U) € P,, we have

(IM]o((n1-v)® - ® (k- u),M[V/z,....U/y]) € P

We only check the case for fix. The other cases are not difficult to check. What we check is:
for environments I' = (21 :, p1,.-.,Zn ik, Pn) and A = (zq Ry Py s T ikl pn) such that
oo-I' < Aand for aterm A & fix, ,(f,z, M) : 7 — o, given (v1,V1) € P,,, ..., (vs, V) € P, ,

we have
([fixr,o(f, 2, M)] o (k1 vn) @+ @ (kn - vp)), fixr o (f, 2, M) [Vi /21, ..., Vi J20]) € Proo.
Let ¢: Int(MetCppo)(co - [I'], 7 —o o) — Int(MetCppo)(co - [['],7 — o) be the function
given in Figure 12. Then, by induction on m, we can show that
(1 )@ onon) TA] 4 o0 . T] 25 [ —o 0], fixeo (f, 2, M)[VA J21, .. Vn/xn]>
is an element of P,_,,. Since P,_,,/ is closed under least upper bounds on the first component,
we obtain the claim. <

» Theorem 50. For any pair of terms ' M : 7 and T' = N : 7, we have dl‘lf’:(M, N) <
d™ (M, N).

Proof. We can prove the statement in the same way with Theorem 48. <

14 Conclusion

In this paper we study quantitative reasoning about linearly typed higher-order programs.
We introduce a notion of admissibility for families of metrics on a purely linear programming
language Ag, and among them, we investigate five notions of program metrics and how these
are related, namely the logical metric, observational metric, equational metric, denotational
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[CFa:R]=[r] %1

[Chs: I =[] 315711
[[Fl +F2 "?(Ml,Mg)RH =

LREREL TiR] © TIR] 5 T(IR] @ [R]) ~2

(R, 1) & T(R,1)

[T1 4+ T3] 5 [T1] ® [T2]

ux;”m;ﬂ]:n.[m}i>[m]i>:r[[¢ﬂ

T, 7R]

[AFIM: ] =[A] S n- 0] 225 0 T[] S Tar]

the least fixed point of ¢

[[Al—ﬁxm,(f’x,M):T—oa]]:[[A]]—>oo-[[F]] T—oo0
[T+AFM+N:R]=

dstr T(+

I+ A] % [ o [a] 222N, 7iR) @ TIR] 2% T(IR] @ [R]) - T[R]

mult,,

[AFa-M:R]=[A] %S ] 2 . [R] [R] % T[R]

[TFAzx:0.M:0 —o 7] = (the currying of [I'] ® [o] o, I7) 2 To — 7]

PR, [ — o] @[] 2 Tlo]

DSV, 121 © Tlo] 25 Tr © o]

[C+AFMN:7]=[+A] > [IT®][A]

[C+AFMeN: 70 =[+A] S [I]®[A]
[A+Sklet * be Min N:7] = [A+E] % [E]®[A] & [E] @ n - [r] 2SO,
Tl ® TI <% T[r]

[A+E+let 2@y be Min N:7] = [A+E] S [E] 0 [A] S [E] @ n- [r] E2CLDO,
[El©T(n- (] ® [o2]) = [E] @ T(n - [or] @ n - [ou]) =" T[r]

[A+=ZFlet !z be M in N: 7] = [[A+H]]—>[[uﬂ®[[A]]—>[H]]®n 1]

str; |IN]] I

[SEXGHAYION

str;[N];p
[N

[El®@T(n-m-[o]) = [E] ® T(nm - [o]) T[]

where ¢: Int(MetCppo)(co - [I'],7 — o) — Int(MetCppo)(co - [I'], 7 —o o) is given by

o(f) =00 [[] % oo [[] @ oo - [I] 2%

[T]®co- f

— I ® -0 [I]

[[F]] ® 00 - (T % 0_) the currying of [M] i

Figure 12 Interpretation of Terms
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metric and interactive metric. Some of our results can be seen as quantitative analogues of
well-known results about program equivalences: the observational metric is less discriminating
than or equal to semantic metrics, and non-definable functionals in the semantics are the source
of inclusions. Existence of fully abstract semantics for Ag with respect to the observational
metric is left open. Our study reveals the intrinsic difficulty of comparing denotational models
with interactive semantic models obtained by applying the Int-construction. Indeed, their
relationship is not trivial already at the level of program equivalences. It follows from [16]
that there is a symmetric monoidal coreflection between Int(MetCppo) and MetCppo.
This is a strong connection between these models. However, we do not know whether this
categorical structure sheds light on their relationship at the level of higher-order programs.

Some of our results can be extended to a fragment of Fuzz where grading is restricted to
extended natural numbers. Providing a quantitative equational theory and an interactive
metric for full Fuzz is another very interesting topic for future work. There are some notions of
metric that we have not taken into account in this paper. In [13], Gavazzo gives coinductively
defined metrics for an extension of Fuzz with algebraic effects and recursive types, which
we do not consider here. The so-called observational quotient [17] is a way to construct less
discriminating program metrics from fine-grained ones. A thorough comparison of these
notions of program distance with the ones we introduce here is another intriguing problem
on which we plan to work in the future.
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